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1. Background

Residual heterogeneity (variation in capture probabilities) is known to produce bias in the dual-system estimates
which have been used to estimate census coverage in U.S. Censuses since 1980. Triple-system estimation (TSE)
using an administrative records list as a third source along with the census and post-enumeration survey (PES) has
the potential to produce estimates with less bias.

Griffin (2013) presented and evaluated potential statistical methods for estimation of net census undercount using
three systems for obtaining population information: (1) a decennial census; (2) an independent enumeration of the
population; and (3) administrative records. This paper was prepared for the 2012 American Statistical Association
Hard to Reach Conference. Results showed that three sets of capture attempts can produce more accurate estimates
than two capture attempts. However, the paper noted that increased matching error, which was ignored, seems likely
going from the two capture attempts necessary for dual-system estimation (DSE) to the three capture attempts
necessary for TSE. For two attempts at capture, there are only four cellsina 2x 2 cross classification of capture
status and given the marginal counts of the total for each of the attempts, matching is only necessary to obtain the
cell representing captured in both attempts. For three attempts, there are eight cells ina 2x 2 x 2 cross
classification of capture status. Obtaining all these counts from a complex matching operation may be error prone.
This paper provides a simulation to investigate the effect of matching error on DSE as well as on some of the
potential triple-system estimates possible if an administrative records system is added to a census followed by a
PES.

The incomplete 23 table of counts for TSE can be divided into one complete 2 x 2 sub-table and one incomplete

2 x 2 sub-table. The additional source from administrative records provides data with which to evaluate the
previously un-testable assumption of independence between the census and the PES. Direct evidence is available in
the triple-system tables for odds ratios in 2x 2 sub-tables formed by restricting consideration to cases observed in
the administrative records source. In this case, complete information is available for all four cells defined by capture
or not in the census and PES. This additional information is used to formulate the triple-system estimates using an
assortment of model assumptions.

It is assumed that all N individuals in the population are exposed to possible inclusion in all three sources. In
practice, sampling is necessary for the PES and possibly the administrative list (due to the necessity of follow-up for
unresolved match status). In addition, erroneous inclusions including within-list duplicates have been removed from
all lists. The model assumes autonomous independence, which means that the census list, the PES list and the
administrative list are created as a result of N mutually independent trials from one person to the next (all persons
are captured independently of all other persons).



Section 2 provides a matching error model for DSE and section 3 expands this to a matching error model applicable
for TSE. Section 4 describes three alternative estimators for TSE that are compared with each other and with DSE in
the simulations. Sections 5 and 6 give the details for creating the simulated populations and replication of the
simulations. This is followed by sections 7, 8, and 9 providing results, analysis, summary, and conclusions.

1. A Matching Error Model for Dual-System Estimation

Biemer (1988) presents a model for the matching error associated with DSE . Here we present portions of Biemer’s
model as background for the TSE matching error model. The motivation is that although a TSE may reduce model
errors inherent in DSE, the additional matching error associated with TSE may counter balance this gain and result
in an increase in total error.

For DSE, there are two list sources, a census and an independent PES. Table 1 shows the observed counts after
matching persons from the PES to the census to obtain Xi;.

Table 1: Observed Counts after Matching for Dual-System Estimation

In PES Out of PES
1 0
In Census X1 X - X1 X+ = Ne
1
Out of Census X1 - X1
0
X.1 = Np N

Matching error has no effect on the census count, N¢, or the PES count, Np.

The true population count, N, is unknown. For all persons in the PES, define a 1 or 0 indicator, y, as 1 for matched
and 0 for not matched to the census. In addition, define a 1 or 0 indicator, z, as 1 for truly in the census and 0 for
truly missed in the census.

Assume that matching is independent from person to person and define matching error for person j as follows:
P{y; =1| z; =0}=¢ (probability of false positive)
P{y; =0]z; =1} =« (probability of false negative)

These error probabilities are assumed to be homogeneous across persons enumerated in the PES.
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Define p;; = = and X = Z Y; - Py, is the true proportion of persons in the PES who are also in the census.
P =1

X, ,is the observed count after matching of persons in the PES who are matched to the census.

Then the expected value of X, is given as follows:
NP
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j=1
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f,, is the estimate of P,,using the results of the matching operation.

N
Then the dual-system estimate, which assumes independence between the PES and Census is given by | = A—C .
11

Next

E(p)=pl-a)+A-p o= p;l (for notational purposes) and
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Using Taylor series expansions (first and second partial derivative terms for expected value and only first partial
derivative term for variance),
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2. A Matching Error Model for Triple-System Estimation

The three systems for obtaining population information for TSE used for this paper are (1) a decennial census; (2) an
independent enumeration of the population; and (3) administrative records. There are many possible estimators
associated with TSE. Griffin (2013) documents and uses ten estimators in a simulation. Seven of these estimators
are motivated by hierarchical log linear models based on Fienberg (1972). Two of the estimators are based on
suggestions from Zaslavsky and Wolfgang (1990 and 1993). Other estimators are provided in Darrock et. al (1993).

The observed counts after matching for a triple-system framework are shown in Table 2.

Table 2: Observed Counts after matching for Triple-System Estimation

In Administrative List Out of Administrative List

In PES Out of PES In PES Out of PES
1 0 1 0
In Census X111 X101 X110 X100
1
Out of Census Xo11 Xoo1 Xo1o
0

The matching associated with TSE is much more complicated than that for DSE. Several possible strategies can be
envisioned. For a TSE matching error model, assume the following matching procedure is used to obtain the counts
in Table 2. Define three sets containing all persons enumerated on a list. P is all persons enumerated in the PES, C is
all persons enumerated in the Census, and A is all persons enumerated on the administrative list.

Step 1: First match P to C and then P to A to determine Xy11, X119, Xo11, and Xo1o
Step 2: Next match A to C to determine X1 and Xog;
Step 3: Finally, match C to A and P to determine X

Each of these matching steps is assumed to be independent. Thus no changes to a count obtained in step 1 or step 2
occur as a result of a later step.

The first estimator considered for this paper is the estimator associated with the no-second-order-interaction log
linear model. This is the least restrictive log linear model for which data is available for estimation. The incomplete

23 table of counts in Table 2 is divided into one complete 2 x 2 sub-table and one incomplete sub-table. Assume
the cross-product ratio is the same in both sub-tables. Then the estimate of the missing cell in the incomplete 2 x 2
table can be estimated using the known cross-product ratio from the complete 2x 2 table. The assumption is that
the dependence in the 2x 2 table for C x P using only those individuals in A, is the same as the dependence in
the 2x 2 table for C x P using only those individuals not in A. This model is in some sense analogous to the




assumption of independence for the 2 x 2 table used for DSE but is one layer deeper. All pairs of sources can
exhibit dependence, but the amount of dependence in each pair is assumed to be unaffected by conditioning on the
third source.

The estimator for this model is

NSOI = xlll+ X001+ XlOO + xOlO + X011+ x101+ XllO + (Xlll)(X001)(XlOO)(XOlO) '
(XOll)(xlol)(xllO)

Matching error has no effect on the census count, N¢, the PES count, Np, or the administrative list count, Na.

The true population count, N, is unknown as is the true population count in each cell denoted by Nj;, . For example
the true count in the 101 cell is Nyo;while the observed count after matching is Xg;.

For all persons in P or A, define a 1 or 0 indicator, y, as 1 for matched and 0 for not matched to the census.

For all persons in P or C, define a 1 or 0 indicator, w, as 1 for matched and 0 for not matched to the administrative
list.

For all persons in C or A, define a 1 or 0 indicator, z, as 1 for matched and 0 for not matched to the PES.

In addition, define a 1 or 0 indicator, c, as 1 for truly in the census and O for truly missed in the census.

Define a 1 or 0 indicator, a, as 1 for truly on the administrative list and O for truly missed on the administrative list.
Define a 1 or 0 indicator, p, as 1 for truly in the PES and 0 for truly missed in the PES.

With this notation, the observed counts after matching are as follows:
NP NP NP NP
X111:Zijj; Xllozzyj(l_wj); X011=Z(1— yw;; x01o:Z(1_ y;)A-w;);
-1 j=1 i=1 =t
N, N, N¢
XOllzzyj(l_Zj); XOOlZZ(l_yj)(l_zj); XOOl:Z(l_Zj)(l_Wj)
=1 j=1 j=1

Expected Value and Variance

Expressions for the expected value and variance of these observed counts as well as the expected value and variance
of NSOI using Taylor Linearization are provided in Appendix 1.

3. Alternative Estimators

The no second order interaction estimator, NSOI, requires the observed counts after matching for each of the seven
observed cells from Table 2. Thus, NSOl may have a large bias if there is substantial matching error. As, mentioned
earlier, several alternative estimators using three lists are presented in Griffin (2013). Seven of these estimators are
motivated by hierarchical log linear models as described in Fienberg (1972). The no-second-order-interaction model
{CP, PA, CA} is the least restrictive log linear model for which data is available for estimation. Three of the seven
estimators are based on conditionally independent log linear models and three others are based on jointly
independent log linear models. In each case, the three estimators are of the same format based on the dependence
between sources C, P, and A taken two sources at a time. Here we consider one conditionally independent model
and one jointly independent model.



Jointly independent model {A, CP} assumes that there is a relationship between C and P, but neither C nor P has a
relationship with A. This is ordinary two-way independence between A and a categorical variable composed of all
four combinations (captured/not captured) of C and P. The estimate for the 000 cell is the usual dual-system estimate

for the unobserved cell inthe 2x 2 table for which one list is A and the other list is formed by combining C and P
(un-duplication requiring matching is necessary). The population estimator for this model is as follows:

(XOOI)(XllO + X100+ XOlO) .
(x111+ X101+ XOll)

‘]I = Xlll+ x001+ x100+ X010+ X011+ x101+ x110+

Conditionally independent model {CP, CA} assumes that each level (captured/not captured) of C, P and A are
independent. The estimate for the 000 cell is the usual dual-system estimate for the unobserved cell in the 2x 2
table conditional on C = 0, using the A list and the P list after removing all individuals captured on the C list (un-
duplication requiring matching is necessary). The population estimator for this model is as follows:

(XOOI)(XOlO) .
(Xo12)

It seems possible that either of these alternative estimators could be less affected by matching error than TSE. The
estimate for the 000 cell for Cl only uses three of the seven observed counts after matching. The estimate for the 000
cell for JI uses all observed counts but sums of observed counts may have less net error than the total error over each
individual cell.

Cl = X111+ X001+ XlOO + X01o + X011+ X101+ X110 +

Expressions for the expected value and variance of JI using Taylor Linearization are provided in Appendix 2.
Expressions for the expected value and variance of Cl using Taylor Linearization are provided in Appendix 3.
4. Creating the Simulated Populations

Populations of N = 1000 persons will be simulated, allowing for heterogeneous capture probabilities and
homogeneous conditional odds ratios. One conditional odds ratio, is the odds ratio for the 2x2 table of CxP
conditional on capture on A and the other is the odds ratio for the 2x2 table of CxP conditional on not captured
(missed) on A.

4.1 Creating a Specified Conditional Odds Ratio

Omitting any subscript for an individual member of the population, the 2x2 table of conditional capture probabilities
for census capture and PES capture given capture on the administrative list is given in Table 3.

Table 3: Capture Probabilities for Census and PES given Capture on Administrative list

InPES 1 Outof PES 0
In Census 1 Py Pio P+
Outof Census 0 Po Pao
Pi1




In order to create a simulated population with a given set of conditional odds ratios, the odds ratio formula for a
2x 2 sub-table is written as a function of an unknown proportion in the 11 cell ( P,; ) and the known marginal

proportions (P, and P,,).
F1Poo Pll(l_ P, —Pu+ Pll)

Thus given P, ,P,,, and odds ratio & = = ,
P10P01 (Pl+ - Pll)(P+1 - Pll)

The equation can be re-written as (1— )P} +[1-P, —P, +8(P, + P )P, —~ P, P, = 0 1)

This equation can be solved for Py; using the quadratic formula producing two roots one of which is between 0 and 1
and is the one we want.

This value of Py, and given P,, and P, provides the desired odds ratio 6.

The process described starting with Table 3 is repeated for capture probabilities for the census and the PES given not
captured (missed) on the administrative list allowing in some simulations for a different conditional odds ratio 6.

5.2 Generating a 1000 Person Population Allowing for Heterogeneity in Capture Probabilities

We want to generate several populations of size N = 1000 persons to have particular capture properties. This is
accomplished by specifying two conditional odds ratios.

Let €; pe the odds ratio for census and PES given capture on the administrative list, and 0, be the odds ratio for
census and PES given not captured on the administrative list.

Given 91 and 6’2 (assumed constant over persons) and ten beta parameters in the following conditional capture
probabilities

P o« ™Y ook A g )

Pk<C|notA>= XD (Bao + PurXs) 'Pk<P|A>: exp (Bso + LX)
1+exXp(Bao + LX) 1+exp(fso + L5 Xy )

for k = 1 to 1000, independently generate X, ~N(0,1) and calculate
R(A) R{C[A) R(P|A), R(C[notA), R(P|notA).

Note that although the conditional odds ratios are assumed constant over persons, the capture probabilities are
heterogeneous since variation in the independent variables is created.

Using 6, and R <C | A>, Pk<P| A> , We use the methodology from section 5.1 and equation (1) to solve for the

probability of capture in both the census and PES given capture on the administrative list. Then complete the 2x2



table of capture probabilities given capture on the administrative list. Multiplying each of these conditional
probabilities by Pk<A> provides Py 111, P 101 Pio1nr Proor

Then, using &, and Pk<C | nOtA>, Pk<P| nOtA> , use the methodology from section 5.1 and equation (1) to solve

for the probability of capture in both the census and PES given not captured on the administrative list. Then
complete the 2x2 table of capture probabilities given not captured on the administrative list. Multiplying each of

these conditional probabilities by (1— Pk<A>) provides Py 110, Py 1000 Px.o10' Px.00o-

Next, generate a number u from 0 to 1 from the distribution Uniform (0,1) and use the cumulative distribution of the
eight cell probabilities to determine which of the eight cells of Table 2 person k falls

After completing the above for each of the 1000 population persons, tabulate the seven observed counts from Table

E(t
2 and using these compute R' = ﬁ for t = NSOI, JI, and CI. This is the ratio of the expected value (using the

expressions given in the Appendix) of the estimated population count to the true population count and provides a
measure of the accuracy of the estimate.

5. Replication

This paper presents results for 1000 independent replications of the population generation as specified in section 5.2
for a given &, and 6, (assumed constant over persons) and one set of beta parameters.

For each of the three model estimates t = NSOI, JI and CI, use these 1000 replicates to compute the empirical mean
ratio R' denoted as R, and its variance, Var (R") .

Note that none of the precise assumptions, particularly homogeneity in capture probability, needed for validity of
any of these ten estimators is satisfied by any of these simulated populations. Darroch et al. (1993) provide some
arguments that the no three-way interaction model may be a fair approximation except for heterogeneity. The kind
of person-to-person heterogeneity introduced by these simulations might be expected to be a reasonable
representation of the reality of list formation. This heterogeneity produces bias in these estimates even if the model
assumptions about the relationship between the capture attempts hold.

6. Results

Define the “Average Capture Probability” (ACP) as the average of the five probabilities defined in section 5.2 for Xy
= 0 (the mean of the random variable X). It is used as a measure of “Hard to Reach” since lower values indicate
lower capture probabilities (i.e., harder to reach).

5 eﬂlo

acp - Tlre’

Table 4 shows results for each of the four estimator alternatives for four sets of odds ratios 8; and 6, (1.5 and 1.2;
0.75 and 0.85; 0.75 and 0.75; 1.5 and 1.5.) using a false positive rate of 0.062 and a false negative rate of 0.023.
These error rates are from Biemer (1988) and are for a computer matching operation from a 1986 pretest of PES
matching procedures in Los Angeles, CA. When 0, = 0,, the odds ratio for census capture or not by PES capture

status is independent of capture status on the administrative list (no second order interaction). When, &, # 6, the



odds ratio for census capture or not by PES capture status is dependent on capture status on the administrative list.
For each estimator the mean ratio of the expected value of the estimated population count to the true population

count over the thousand replicates, R ", and its standard error, Var(R") are shown.

The mean ratio results vary by odds ratio alternatives. For 6; = 1.5 and 6, = 1.2, estimator | (using DSE) was best
(closest to 1) with an average R of 1.002 (se = 0.003) and the best triple-system estimator was CI with an average R
of 0.963 (se = 0.002). For 6, = 0.75 and 0, = 0.85, estimator | (using DSE) had an average R of 1.283 (se = 0.005)
and the best triple-system estimator was NSOl with an average R of 1.015 (se = 0.005). For 6; =0.75and 6, =0
.75, estimator | (using DSE) had an average R of 1.332 (se = 0.005) and the best triple-system estimator was Cl
with an average R of 0.974 (se = 0.002). For 6, = 1.5 and 0, = estimator 1.5, estimator | (using DSE) had an average
R 0f 0.934 (se =0.003) and the best triple-system estimator was NSOI with an average R of 1.052 (se = 0.005).

Table 5 shows the average standard error of the alternative estimators for the population of true size 1000. The
average of these averages over the odds ratio alternatives are about 97 for NSOI, 24 for JI, 21 for CI, and 34 for |
(using DSE).

8. Analysis

Doing this simulation with different p parameters and odds ratio alternatives (results from these alternatives not
presented in this paper) has shown that results vary. In particular the excellent performance of DSE for 6; = 1.5 and
0, = 1.2 (average R of 1.002), was observed for only that set of parameters and is not necessarily an indication that
DSE is in general less biased when matching error is incorporated in bias measures.

The odds ratio for census and PES given capture on the administrative list may well be greater than the odds ratio
for census and PES given not captured on the administrative list (6, > 0, ). It may also be likely that both of these

odds ratios are greater than 1. Keeping in mind that results will vary for different B Parameters and odds ratio
alternatives, Table 6 shows some results for the same  parameters and for 6; = 1.75 and 6, = 1.5 allowing the false
positive and false negative error rates to vary. The first set of error rates are 0.062 and 0.023 as in Table 4. Error
rates about twice as large (0.12 and 0.05) and about half as large (0.03 and 0.01) are also shown as is the cases of no
matching error at all. For error rates of 0.062 and 0.023, DSE had an average R of 0.958 and the best triple-system
estimator was CI with an average R of 0.967. For error rates about twice as large (0.12 and 0.05), DSE had an
average R of 0.958 and the best triple-system estimator was CI with an average R of 0.948. For error rates about
half as large (0.03 and 0.01), DSE had an average R of 0.967 and the best triple-system estimator was CI with an
average R also of 0.967. For no matching error, DSE had an average R of 0.952 and the best triple-system estimator
was Cl with an average R of 0.965.

9. Summary and Conclusion

Three sets of capture attempts can produce more accurate estimates than two capture attempts. However, there is
likely to be increased matching error going from two attempts to three attempts. For two attempts at capture, there
are only four cells ina 2x 2 table. Given the marginal counts of the total count for each of the attempts, matching
is only necessary to obtain the 11 cell (captured in both attempts). For three attempts, there are eight cells. For
NSOI, no-second-order-interaction, counts are required for all observable seven cells in order to estimate the 000
cell. NSOI makes a less restrictive assumption (no second order interaction) than CI (conditionally independent) and
JI (jointly independent). In theory, with no matching error, NSOI should be the better than JI, CI, or | (using DSE) if
there are no other errors in obtaining the counts. Second order interaction and heterogeneity in capture probabilities
are likely in the real world for most populations. For example, both the 111 cell and the 110 cell are required for
TSE so that both the count of captured in the first two attempts and in the third attempt AND captured in the first



two attempts but missed in the third are necessary. Obtaining all these counts from a complex matching operation
may be error prone.

Since doing this simulation with different B parameters and alternative odds ratios (not presented in this paper) has
shown that results vary, the conclusions given in the paper serve as an illustration of potential results and cannot be
used to make definitive generalizations. The results shown indicate that that matching error can lessen the theoretical
advantages of triple-system modeling. Due to matching error, the DSE may be more accurate than TSE using any of
the triple-system estimators. For the triple-system estimators, CI or JI may be more accurate than NSOI due to using
fewer of the seven observed cells in the triple-system setup. Increasing the matching error from the levels used by
Biemer (1988) has a great effect on the accuracy of all the estimators. The best estimators, Cl and DSE, for the
Biemer level matching error had about a 4 percent undercount and doubling the matching error resulted in about the
same accuracy. Decreasing the matching error level produced little change in accuracy. The relative accuracy
among the estimators did not change much with varying matching error levels.
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Table 4: Accuracy of Alternative Estimators by Varying Odds Ratios

False Positive Rate = 0.062

False Negative Rate = 0 .023

Odds 0,=15 ®,=0.75 ®,=0.75 ®,=15
Ratios 0,=12 0,=0.85 0,=0.75 0,=15
Estimator | Rt SE(R') | R SE(R') | R SE(R') | R SE(RY)
NSOI 1.124 0.006 1.015 0.005 1.047 0.006 1.052 0.005
JI 1.088 0.002 1.080 0.002 1.089 0.002 1.079 0.002
Cl 0.963 0.002 0.955 0.002 0.974 0.002 0.946 0.002
DSE 1.002 0.003 1.283 0.005 1.332 0.006 0.934 0.003
Table 5: Average Standard Error of Estimates by Varying Odds Ratios
False Positive Rate = 0.062
False Negative Rate = 0.023
Odds Ratio 0,.=15 ®,=0.75 0,=0.75 ®,=15
@2 =1.2 @2 =0.85 @2 =0.75 @2 =15
Estimator Standard Error Standard Error Standard Error Standard Error
NSOI 106 93 100 90
Jl 25 24 24 24
Cl 22 21 21 21
DSE 32 36 36 31
Table 6: Accuracy of Alternative Estimators by Varying Error Rates
Fixed Odds Ratios 0,=1.75
®,=1.25
False Positive 0.062 0.12 0.03 0
Error Rate
False Negative 0.023 0.05 0.01 0
Error Rate
R R R R
NSOI 1.183 1.121 1.220 1.125
JI 1.093 1.066 1.106 1.098
Cl 0.967 0.948 0.967 0.965
DSE 0.958 0.958 0.967 0.952




Appendix 1: Expected Value and Variance of No-Second-Order-Interaction Model

For the observed seven counts after matching, as an example, all the details are first provided for X,.
For any person j,

yj(1-w;) = 1 if y;=1 and w;=0, otherwise y;(1-w;) =0.

Thus yj(1-w;) is a Bernouilli random variable with parameter p; = Pr(y; =1)Pr(w; =0).

Np Np
Thus E(Xllo) = Z P; and V(Xllo) = Z pj(l_ pj)'
=1 j=1
Persons enumerated in the PES can truly be in cells 111, 110, 011, or 010. p; is different for each of these true cells.
Using the cell subscripts, for this example, person j is truly in cell 010, P; = Poio -
Thus,

P =Pr(y; =1|c; =1)Pr(w; =0]a; =) =(1-a)a
Py =Pr(y; =1lc; =1)Pr(w; =0[a; =0)=(1-a)1-¢)
Poy; = Pr(y; =1[c; =0)Pr(w; =0]a; =1) = g

Poso = Pr(y; =1]c, =0)Pr(w, =0|a, =0) = $(1— )

So that

E(X110) = NygiPygs + NyjoPigg + NogiPoas + NogoPoso and

V(Xllo) = Nlllplll(l_ plll) + NllOpllo(l_ pllO) + NOllpOIl(l_ pOll) + N010p010(1_ pOlO)

Using this procedure,

E(Xlll) = N111p111+ N110p110 + N011p011+ N010p010

V(Xlll) = N111p111(1_ p111) + N110p110(1_ p110) + N011p011(1_ pon) + N01op010(1_ p010)there
P11 = (- 05) Pi1o = (1-a)¢; Po11 = P(1-a); Po10 =

E(X011) = Nlllplll+ N110p110 + N011p011+ NOlOpOlO

V (Xo11) = NypiPiaa( = Pygg) + NigoPriol = Prio) + No1iPosi( = Posn) + No1oPoro = Poyo)s Where
Py =all—a); Py =ad; Py = L-F)1L—); Poyo = 1)



E(X010) = N111p111+ N110p110 + N011p01l+ NOlOpOIO

V (Xo10) = NypiPyys(@ = Prg) + NygoPraold = Prio) + NopaPos@ = Posr) + No1oPoro — Poso), Where
P11 = a’ s P = (=) Py = A= d)ax; oy = (1_¢)2

E(X101) = Nlllplll+ N101p101+ N011p011+ N001p001

V (X100 = NypaPyya (= Prag) + NigaProas( = Puor) + NopaPosa(d = Posr) + NogaPoor (L — Poor), Where
P == a)a; P, = A —a)d—9); Poy, = ¢t ; Pogy = P — )

E(X001) = Nlllplll+ N101p101+ N011p011+ N001p001

V(x001) = N111p111(1_ p111) + N101p101(1_ p101) + N011p011(1_ p011) + N001p001(1_ pom)'Where
P11 = o s Pror = a(l=9); Poys = (L= P)x; Pyoy = 1~ ¢)

E(XlOO) = N111p111+ N110p110+ N101p101+ NlOOplOO

V(Xloo) = N111p111(1_ p111) + Nllopllo(l_ pllO) + N101p101(1_ p101) + NlOOplOO(l_ ploo)’Where
P11 = o’ s Pio=al=@); Py = A—@)a; P =1~ ¢)

Covariance terms necessary for the TAYLOR Linearization variance approximation

Due to the assumptions of independence between matching steps, there are seven non-zero covariance terms among
the observed counts after matching.

From Step 1:
Cov(xlll’ Xllo); Cov(xlll’ XOll); COV(Xlll’ xOlO);

COV(XllO’ XOll); COV(>(110' XOlO); COV(XOIl’ XOlO)

From Step 2: COV( X0, Xgo1)
From Step 3: There are no covariance terms since only one count is observed from step 3 matching.

Details of the derivation are provided for COV(X,, X;,) -

COV(Xy11 Xy10) = COV(Z YiWi, Zy 1-w; ))

j=1

Let a; =y,w;and b; =y;(1-w;). a; =1then b, =0.



cov(iaj ,ibj) = icov(aj,bj) + icov(aj,bi) = i[E(ajbj) —E(a;)E(b;)]+0

= —Pr(aj =1) Pr(bj =1)

Persons enumerated in the PES can truly be in cells 111, 110, 011, or 010.

For cell 111.

Py =Pr(y; =1lc; =1)Pr(w, =1]a, =1) = (1- )’
Pio =Pr(y; =1[c; =1)Pr(w; =1|a; =0) =(1-a)¢
Pos; = Pr(y; =1[c; =0)Pr(w; =1]|a; =1) = ¢(1- )
Poro = Pr(y; =1|c; =0)Pr(w; =1|a; =0) = ¢*

For cell 110

P, =Pr(y; =1|c; =) Pr(w; =0]a,; =1) = (1- o)
Prio= Pr(yj =1|cj =1)Pr(wj :0|aj =0)=>01-a)1-9)
Pors =Pr(y; =1[c; =0)Pr(w; =0]a; =1) = ¢or
pOlOZPr(yj :1|Cj :O)Pr(Wj :Olaj :O):¢(1_¢)

Thus COV(Xyy, Xy50) = Ny - a)sa + N1 - a)2¢(1_ $) + N011¢2 l-a)0+ N010¢3 1-9)

The other non-zero covariance terms are as follows:

COV( X, 11, Xo10) = Niyy(L— @)’ + Nyyo(L = )p°er + Ny 1= $)(L - @) + Ny op* (1~ )

COV( X113 Xo10) = Nyps(L— @)2a? + Nyy oL — 0)? i + Ny ghr (L— @)L — #) + N> (L— §)?
COV(Xy10: Xo12) = Nipa(l = @)*@” + Nyyo(1 - @)ag(l— 4) + Ny p(1— @)L~ @) + Ny p* (1~ 9)°
COV(X 1100 Xo10) = Nyyy (L — @)r® + Nyyo(1— @)a(L— §)? + Ny h(L— f)a® + Noy p(L— §)°

COV(X g1y Xo10) = Nypy(@— @)’ + Ny, "¢ — §) + Ny (1 - 6)° (L - a)ax + N, gp(1 - §)°

COV(X g1, Xgop) = Nyyy (- a)ag +Nyo(l— a)a(l_¢)2 + Ny (1 ¢)a2 + N010¢(1_¢)3
Taylor Linearization

For any of the seven observed counts after matching, let E(Xj, ) = Ey, .

The estimator of population, NSOI, is approximated using Taylor Linearization about the vector of expected values
of the seven observed counts resulting in,



(E111)(E001)(E100)(E010)
(E011)(E10].)(E110)

NSOI = xlll+ X001+ X100+ XOlO + x011+ X101+ XllO +

E...E .E E E E..E.E E . .E
4 50017100 OlO(Xlll_E111)+ 1116100 010(X001_E001)+ 111001010 (XlOO_E100)+ 111 001E100(XOl

E011E101E110 E011E101E110 E011E101E110 E011E101E110

E...E . E E..E...E . E E . .E..E.E
_ E1112 001=100%010 (Xo11— Egy)) — 1112 001=100%010 (X101~ Eyo) — 1112 0011005010 (X110~ Eu1o)
Eo1iE10iE110 EloiEoiiEi0 EloBi0iEon

2 ElllEOOlElOOE
ElSO 1E011E110

2E111E001E100E
EflOElOIEOM

+ E [ 2 E111E001E100E

010 (X011_ Eon)2 +
2 E311E101E110

010 (Xlol_ Elol)2 + = (Xllo - E110)2]

Using this approximation,

Eq o) (E0)(E
E(NSOI) = B, + Egoy + Ejgo + Epso + Eouy + Eioy + Eigo + (Ei(lgo(n)oggl(ol)lzé(lo)ow)

2 E111E001E100E010 2 ElllEOOlE 2 E111E001E100E
3 3

1 E
+-[ V(Xou) + A CSTHE:

3
2 E011E101E110 101 011E110 110 101E011

010 \V/ (Xllo)]

For variance purposes the terms of the approximation involving the second partial derivatives are ignored. Thus we
want the variance of the following expression:

NSOI = x111+ X001+ X100 + XOlO + X011+ X101+ X110

+ E001E100§010 x111+ ElllEIOOEOlO X001+ ElllEOOlEON X100+ ElllEOOlElOO X010
011E101 110 011E101 110 0117101110 011E101 110

E,;Ey0iEi0E E,o0.Ei0E I N S =
4 Furto0tFa00010 E111E001E100 010 4 —LLI-0011007010 %

2 011 2 101 2
E011E101E110 E101E011E110 E110E101E011

Using obvious notation, write this as

NSOI = Xlll+ X001+ XlOO + X010 + X011+ X101+ xllO
+ Alllell + AOOlXOOI + A100x100 + AOlOXOIO

+ AOllXOll + A101X101 + A110)(110

- Eow)



And the variance is as follows:

V(NSOI) = (1+ A1)V (Xy37) + @+ Aggr)*V (Xgg0) + (L4 Ay o)V (Xy0) + (L4 Agy)*V (X10)
+(1+ A011)2\/ (Xo10) + @+ A101)2\/ (Xyop) + @+ A110)2\/ (X110)

+ (L4 Ay )@+ A ) coV(X g, Xy p0) + A+ Ay )L+ Agyy) COV(X g, Xogg) + (@4 Ay )X+ Agy ) COV(Xy 54, Xos0)

+ (L4 Ay )L+ Agyy) COV(X 10, Xopq) + L+ Ay o) (L4 Agyo) COVX 505 Xog0) + L+ Agy ) L+ Agyp) COV(X 5, X16)
+ (L4 Ay @+ Aggy) COV(X 53, Xp1)



Appendix 2: Expected Value and Variance of Jointly Independent Model
Use the notation from Appendix 1.

The estimator of total population JI is approximated using Taylor Linearization about the vector of expected values
of the seven observed counts resulting in,

(Ego) (Evso+ Eigo + Eoio)
(Epyi+ Eior + Eod)

J = X111+ X001+ X100+ X010+ X011+ X101+ X110+

EOOl(EllO + ElOO + EOlO)
(Elll + ElOl + EOll)2

_ EOOl(EllO + ElOO + EOlO)
(Elll+ E101+ EOll)2
N EOOl(EllO + ElOO + EOlO)

(x111 - E111) -

(xlol - E101)

(Xon_ Eon) + (E110 - ElOO i Eo1o) (X001_ E001)

2
(Elll + ElOl + EOll) (Elll + ElOl + EOll)
Eoos E E
+ (Xy0—Eipo) + 001 (X100— Eigo) + 001 (X410 = Eqgyo)
(E111+ E101+ EOll) He He (E111+ E101+ EOll) 10 10 (E111+ E101+ EOll) e o

1.2E,..(E,,+E,+E 2E,.(E..+E ,+E 2E,..(E, ..+ E  ,+E
+7[ 001( 110 100 010) (X111_E111)2+ 001( 110 100 010) (X101_E101)2+ 001( 110 100 010) (X011_E011)2]

2 (Elll+ E101+ EOll) (E111+ E101+ EOll) (E111+ E101+ EOll)

Using this approximation,

E(‘]I) = E111+ E001+ ElOO + EOlO + E011+ E101+ E110 + (EOOI)(EMO - E100 i EOlO)

(Eppy+ Byos + Eopy)
+1[2E001(E110 +Ejgo+ E010)V(x111) n 2B 00 (Epyo + Bygo + E010)V (X0 + 2By (Epyo+ Eygo + E010)V(X011)]
2" (B, +Ejp+Eyy) (Eppa+ Ejoa+ Eorn) (Ep1+ Ejgr + Eopy)

For variance purposes the terms of the approximation involving the second partial derivatives are ignored. Thus we
want the variance of the following expression:

JI = X111+ X001+ x100+ X010+ X011+ X101+ xllO

B Eoo1(Ei10+ Ergo + Eoig B Eoo1(Er1o+ Eigo + Eoig
111 101
(B + Eppy + Eon)2 (Ejs+ Eppy Eon)2
_ Eoo1(Ei10+ Ejgo + E010) (Eii0+ Eigo + Eoio)

011 001
(Epy+ Eppy + Eon)2 (Ejq;+ Ejoy + Egyy)

4 EOOl + EOOl + EOOl
110 100
(Elll + ElOl + EOll) (Elll + ElOl + EOll) (Elll + ElOl + EOll)

010



Using obvious notation (same as for NSOI except the partial derivatives are different, write this as

J = X111+ X001+ xlOO + XOlO + X011+ X101+ xllO
+ Alllxlll + A001X001 + A100X100 + A010X010

+ A011)(011 + A101)(101 + A110)(110

And the variance is as follows:

VA =Q1+ A111)2\/ (X)) +(+ A1001)2\/ (Xopop) + @+ A100)2\/ (Xy00) + @+ A010)2\/ (Xo10)
+ 1+ A011)2V (Xoa) + @+ AV (Xyop) + 1+ Allo)zv (X110)

+ (@4 A )@+ A ) COV(X g, Xy p0) + A+ A )L+ Agyy) COV(Xy g, Xogg) + (L4 Agy )X+ Agy ) COV(Xy 5, Xos0)

+ (L4 Ay )L+ Agyy) COV(X 10, Xopq) + L+ Ay ) (L4 Agyo) COVX 505 Xg0) + L+ Agy ) L+ Agyp) COV( X5, X36)
+ (L4 Ay A+ Aggy) COV(X 53, Xp1)



Appendix 3: Expected Value and Variance of Conditionally Independent Model
Use the notation from appendix 1.

The estimator of total population CI is approximated using Taylor Linearization about the vector of expected values
of the seven observed counts resulting in,

Cl = Xy, + Xgo1+ X100+ Xoao + Xogg+ Xyop + Xpgo+ (Eoollz)l(Eioo)
01

E E E. .E
+ =190 (X 01 — Egop) + =" (X100 — E0) — 001 —00L=00 (X 0.~ Ejo1)
101 101 101
l 2E...E
[ o (Xlol 101)2]

2 E1301

Using this approximation,

E(CI ) = Elll + EOOl + ElOO + EOlO + EOll + ElOl + EllO + (EOOE)(E:LOO)
101

1, 2E,,E

U e,

100V (Xlol)]
For variance purposes the terms of the approximation involving the second partial derivatives are ignored. Thus we
want the variance of the following expression:

Cl = X111+ X001+ X100+ X010+ X011+ X101+ X110

ElOO X001+ EOOl xloo _ EOOlEl

+ 2
ElOl ElOl ElOl

= xlOl

Using obvious notation (same as for TSE except the partial derivatives are different, write this as
Cl = Xyg1+ Xoor + Xigo+ Koo+ Xogs+ Xior + Xygo
+ g0 X 001 + A100X100 T Ar01X 101

And the variance is as follows:

V(I =V (X)) + @+ A001)2\/ (Xoon) + @+ A100)2\/ (X100) +V (X010)
+V (Xgp) + @+ A101)2\/ (X100 +V (X110)



+COV(Xy15, Xy50) +COV(X 3, Xopq) +COV(Xyy5, Xog0) + L+ Agyy) COV( X34, Xg3) +COV( Xy 34, X36)
+C0V( X33 Xo10) + L+ Ayg) L+ Aggy) COV(X g5, X1



